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ABSTRACT  Autocatalysis is a deceptively simple concept, referring to the situation that a chemical species X catalyzes
its own formation. From the perspective of chemical kinetics, autocatalysts show a regime of super-linear
growth. Given a chemical reaction network, however, it is not at all straightforward to identify species that are
autocatalytic in the sense that there is a sub-network that takes X as input and produces more than one copy
of X as output. The difficulty arises from the need to distinguish autocatalysis e.g. from the superposition of
a cycle that consumes and produces equal amounts of X and a pathway that produces X. To deal with this
issue, a number of competing notions, such as exclusive autocatalysis and autocatalytic cycles, have been
introduced. A closer inspection of concepts and their usage by different authors shows, however, that subtle
differences in the definitions often makes conceptually matching ideas difficult to bring together formally. In
this contribution we make some of the available approaches comparable by translating them into a common
formal framework that uses integer hyperflows as a basis to study autocatalysis in large chemical reaction
networks. As an application we investigate the prevalence of autocatalysis in metabolic networks.
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ical reaction is autocatalytic whenever one of its educts
catalyzes its own formation, i.e.,
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with diisopropylzinc. Here, each enantiomer of the prod- +\ — — — gﬁ — L1
uct catalyzes only the formation of the same enantiomer. 0(\0 N - 1 - 1 - -

The concept of autocatalysis goes back to Ostwald [2].

In the context of chemical kinetics, autocatalysis refers to a
temporary speed-up of the reaction before it settles down
to reach equilibrium, see e.g. [3, 4] for a recent review.
In most cases this leads to characteristic sigmoidal time
courses. Autocatalysis may also be associated with more
complex dynamic behavior, such as oscillations.

Maybe the best-known example of an autocatalytic re-
action is the hydrolysis of esters, which is catalyzed by the
acid that is one of the reaction products. Even in this sim-
ple case, however, we better understand its autocatalytic
nature as a generic acid catalysis of the cleavage reaction

H* + RCO—OR’ + H,0 — RCOOH + HOR + H™
and the dissociation of the acid

R—COOH = R—-COO~ + H*
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Figure 1: The formose reaction can be understood as cy-
cle process involving keto-enol tautomerisation (r; and
r;1), aldol-condensation () and reverse aldol reaction
r5 . The inner cycle follows [8]. The outer cycle is the
more commonly discussed mechanisms [9]. Figure taken
from [10].

Of course, the cleavage reaction itself consists of multiple
steps, none of which is overtly catalytic [5]. The mecha-~
nisms by which Mn?* catalyzes the oxidation of oxalate
by permanganate in this classical example of autocataly-
sis is much less obvious and can be explained only by an
elaborate network of reactions [6, 7].

In fact, one of the first autocatalytic reactions, the For-
mose reaction [11], is a reasonably well-understood exam-
ple of “network autocatalysis”. The simple, autocatalytic
overall reaction

HOCH;CHO + 2H,CO — 2HOCH,CHO

has been understood as the net effect of the example re-
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Figure 2: Catalytic and autocatalytic cycle. (a) a cat-
alytic cycle is shown. A set of educts {a,b,c,d} is con-
verted into a set of products {a’, V', ¢/, d’'} by a set of species
{4, B,C, D} which act as collection as the catalysts. (b)
if one of the reactions in the catalytic cycle (here r3) also
produces one of the species in the cycle (indicated by the
green arrows), then the catalytic cycle becomes autocata-
lytic. Green arrows may also represent multi-step reaction
sequences.

action network shown in Fig. 1. Several well-known oscil-
lating reactions, including the Belousov-Zhabotinsky (BZ)
reaction [12], are also elaborate examples of network au-
tocatalysis. In fact, the core of the BZ reaction harbors
two autocatalytic cycles, one feeding on the other in a
predator-prey like fashion, resulting in the Lotka-Volterra
type oscillatory dynamics [13]. The Whitesides group re-
cently designed an autocatalytic network comprising only
a few simple organic compounds that displays oscillatory
behavior [14]. A computational study identified coupled
autocatalytic cycles in the chemical networks of Eschen-
moser’s glyoxylate scenario [15]. For the distinction of
catalytic and autocatalytic cycles, see Fig. 2.

The concept of autocatalysis plays an important role in
metabolic networks. This literature frequently speaks of
autocatalytic pathways, which contain reactions that con-
sume some of the pathway’s products. This results in the
positive feedback, which in turn explains their character-
istic dynamic behavior [16, 17]. A paradigmatic example
is glycolysis, which invests two ATP to later produce four.

Autocatalysis plays a key role in most models of the ori-
gin of life. Replicating entities — by definition — are auto-
catalytic. First described theoretically by Manfred Eigen
[18], it was soon shown that short nucleic acid templates
can be copied, e.g., by ligation of short fragments without
the help of enzymes [19]. Alternative models, such as self-
replicating peptides [20] or lipid aggregates [21], follow the
same logic. Tibor Ganti [22, 23] early-on emphasized the
importance of autocatalytic cycles. In order to explain
the emergence of replicators, “collectively autocatalytic”
networks of interacting molecules have been proposed as
precursors of replicating polymers [24]. These chemical re-
action networks (CRNs) contain molecules that promote
their own synthesis, forming chemical organizations [25,

26]. A distinct concept of “autocatalytic networks” refers
to interacting autocatalytic replicators generalizing the hy-
percycle model of Eigen and Schuster [27, 28, 29]. Tt
describes systems of self-replicating entities rather than
chemical reactions of small molecules.

A popular mathematical model of autocatalytic reac-
tion networks are the Reflexively Autocatalytic Food gener-
ated networks (RAFs) by Steel and Hordijk [30, 31]. Simi-
lar to chemical organizations, all chemical species in a RAF
R can be produced from the food or other elements of R
[32]. The model is mathematically much easier to handle
than arbitrary CRNs because one considers only reactions
of the form

C+ ZSiAi — ZS;Bj+C
i J

That is, every reaction is catalyzed by some of the species.
A RAF set R thus also contains a sufficient set of catalysts.
While RAF theory is a plausible description, e.g., of liga-
tion networks of simple polymers [33, 34], it does not seem
to be a realistic description of reaction networks of small
molecules. Here the assumption that all reactions are cat-
alyzed appears very unrealistic. Unfortunately, the algo-
rithms for recognizing RAFs [35, 36] do not seem to gener-
alize to arbitrary networks composed of non-catalyzed re-
actions. RAF's are not necessarily meant to model concrete
chemical reactions but rather aggregate transformations.
The RAF formalism coarse-grains the elementary steps of
a catalytic process and replaces them by a single influ-
ence arrow. This is a valid abstraction if enzymes or other
large polymeric entities are the catalysts because they are
molecular machines that encapsulate or sequester the indi-
vidual steps and thus separate the catalytic process from
the rest of the system. It is not an appropriate approxi-
mation for networks of small (prebiotic) molecules. Here,
the intermediates are accessible for alternative reactions.
A specific catalytic influence beyond global effects (such
as changes in pH or ionic strength) in a CRN is itself a
chemical reaction. It remains an open question, therefore,
under which conditions a given CRN can be abstracted
into the RAF formalism. We suspect that small molecule
CRNs are not of this type (recent attempts notwithstand-
ing [37]), relegating RAFs to the realm of macromolecular
and supramolecular complexes.

In the contribution we therefore seek to develop a the-
ory that can be used to identify autocatalytic structures in
a given CRN, i.e., a system of chemical reaction equations.
To this end we first need to introduce a sound mathemat-
ically framework. This is less trivial than it might seem.
The notion of autocatalysis in chemical kinetics is diffi-
cult to use in a network setting since it strongly depends
on the actual choice of rate constants. A natural starting
point for a theory of autocatalytic CRNs is to ask for sub-
networks such for which the rate constants can be chosen
such that it shows autocatalytic kinetics. The kinetic cri-
terion, however, is also not entirely unambiguous as we
shall see.



Figure 3: Example of a directed multi-hypergraph H
with vertices V. = {4, B,C, D, E} and hyperedges F =
{e1,ea,e3,€e4,e5}, which we will use as a running ex-
ample to illustrate concepts. Parallel arrows represent
the multiplicity of a vertex in a tail/head multiset, e.g.,
es = (e, e3) with e5 = {B, D}, e; = {C}, and multi-
plicities mp(ed) = 1, mp(ed) = 2 and me(ey) = 1. To
reduce clutter we often depict a hyperedge with a single
tail and head vertex as a lonely arrow without a box (here
e1, ez, and es). The hypergraph represents the reactions
A—B,B+2D—C,C— A+B,and E— D.

Towards a Structural Theory of Autocatalysis

Directed Multi-Hypergraphs

A CRN consists of a set of molecules V and set of
reactions F such that every e € F is of the form

Z s;ea: — Z Szl (1)

zeV zeV

Note that we regard all reactions as directed. Reversible
reactions therefore are represented by a separate forward
and backward reaction. This will allows us to use non-
negative flows and connects naturally with graph trans-
formations as a means of generating chemical reactions.

Following the notation of [38], a CRN is naturally rep-
resented as a directed multi-hypergraph H = (V, E) where
each hyperedge e € F consists of multisets

et ={a|sf, >0} and e :={z|s,.>0}. (2

The notation {...} emphasizes that we are dealing with
multisets, where an element can be contained more than
once. We write m,(.) for these multiplicities, which in our
case are given by the stoichiometric coefficients: m(et) =
st and my(e7) = s,,. We call e* the tail and e~ the head
of the directed hyperedge. See Fig. 3 for an example.

Every directed multi-hypergraph H = (V,E) has a
faithful representation as a bipartite multi-digraph with
vertex set V/ =V U E and a multiset of edges

E'={(ve)[e= (et eT) e Bveet}

A=y epvec) O

with multiplicities of arcs given by the stoichiometric co-
efficients. We will refer to this as the Kdnig representation

K(H) of H.

Figure 4: Example of a restriction of the hypergraph
shown in Fig. 3. The shown hypergraph is H[V’, F’] with
V' ={B,C} and E' = {e3, eq}. Note that the original es
and e4 have been modified as not all of their tail and head
vertices are in V.

Figure 5: The extended hypergraph # of the one shown in
Fig. 3. To reduce visual clutter the boxes of the IO edges
are omitted and only the arc is shown.

In our discussion we also need restrictions of directed
hypergraphs to subsets of vertices and hyperedges in the
following way. For V' C V and E' C E let H[V', E’] be
the directed multi-hypergraph with vertex set ¥V’ and the
hyperedges ¢’ = (e" NV’ e” NV’) for each e € E’. In
another view, H[V’ E’] is the hypergraph constructed by
first taking the Konig representation K(H), selecting the
subgraph induced by V' U E’, and then reinterpreting it
back into a hypergraph. See Fig. 4 for an example.

The interaction of the CRN H = (V, E) with its en-
vironment is modeled by “exchange reactions” describing
the possibility to import or export/accumulate chemical
species. In general we add these reactions to every species,
and later introduce flow constraints to model specific food
and product sets when relevant. The exchange reactions
are the input edges E~ = {e; = (0,{v}) | v € S} and
the output edges Et = {ef = ({v}.,0) | v € T}. We
therefore define the extended hypergraph H = (V, E) of H
with E = EUE~ UE™. The exchange reactions appear as
sources and sinks in the Konig representation K(#H). See
Fig. 5 for an example of an extended hypergraph.

Composite Reactions and Formal Autocatalysis

On the set of reactions, i.e., hyperedges of a CRN H
we construct composite reactions as integer linear combi-



nations of the form

5 (fe 5 ) Y (fe 5 ) B

eckE r€et eelE r€e—

with f. € Ng. A composite reaction often contains one or
more species y that appear with the same multiplicity on
the both sides, i.e., Y g fe(sf. — s,.) = 0. These are
formal catalysts for the composite reaction. It is custom-
ary to cancel formal catalysts and to retain in the “net
reaction” or “overall reaction” only the species for which

Ze(sgje - Sge)fe 7£ 0.

Definition 1. A composite reaction is formally autocata-
lytic for z if it is of the form

(A) + mz — nx + (W)

for some integers n > m > 0.

A CRN is formally autocatalytic if it admits a com-
posite reaction that is formally autocatalytic for one of its
constituent compounds z. Def. 1 captures King’s notion
of autocatalytic sets [39]. It also matches with Génti’s
notion that autocatalysis is associated with a cycle that
eventually feeds a product back as an educt such that “af-
ter a finite number of turns, each constituent multiplies in
quantity” [22].

We conjecture that it is impossible for a CRN (V, E)
to show kinetic autocatalysis if, at least, it is not least for-
mally autocatalytic. We emphasize that as of now there
is as yet no proof for this conjecture, although it seems
plausible since the presence of a species x for which the
network is formally autocatalytic is a necessary condition
for positive feedback of x on its formation. The notion
of formal autocatalysis implicitly appears in [33], where
such composite reactions are shown to explain superlinear
kinetics, i.e., autocatalytic behavior, of certain intermedi-
ates in a model of a complex ligation network.

It is easy to see that formal autocatalysis cannot be
sufficient. To this end, consider two (possibly) composite
reactions

A)+X — X+ (W) (B) — X+ (U) (5)
The first one is a net transformation (A) — (W) cat-
alyzed by X, i.e., it does not contribution to the produc-
tion or degradation of X, while the second one is simply a
production reaction for X. Their sum is formally autocata-
lytic for X with m = 1 and n = 2. Assuming that the reac-
tions from which (A) + X — X+ (W) and (B) — X+
(U), resp., are composed share only X, there clearly is no
feedback between them, and no autocatalytic behavior.

In fact, formal autocatalysis is a very weak condition
that includes reaction mechanisms such as the following
2-step decay of A:

(A) — 2X X — (V) + (W) (6)

This CRN contains the composite reaction X + (A) —
2X + (V) + (W), making X formally autocatalytic, even
though X in no is way involved in its own production or
maintenance. This emphasizes that the definition of for-
mal autocatalysis lacks a condition that ties the two “path-
ways” more closely together. These two simple examples
naturally leads to a stricter notion of autocatalysis, “ex-
clusive autocatalysis”, where we require that X cannot be
produced unless X is already present, e.g. see [16]. How-
ever, in order to formalize this idea properly, we first need
to consider integer hyperflows as a way formalize the in-
tuitive notion of a pathway.

Before we proceed, we note that network structure
alone is certainly insufficient to imply autocatalysis in the
kinetic sense. Even in the setting of simple “autocatalytic
cycles”, the dynamical behavior depends crucially on the
on the kinetic parameters [40].

Integer Hyperflows

Pathways, understood as systems of reactions with de-
fined input, are naturally described mathematically as in-
teger hyperflows [38]. In this and the following section we
introduce some necessary notation and then explain the
connection between integer hyperflows and the “algebra”
of reactions in a CRN.

For an extended hypergraph H = (V,E), we write
57 (v) as the set of out-edges from v, restricted to the edge
set RC E, ie., 6§ (v) ={e€ A|veet}. Likewise, 0, (v)
denotes the restricted set of in-edges incident v.

Definition 2. A hyperflow on H is a function f: E — RJ
satisfying, for each v € V the conservation constraint

> omu(eN)fle) = D myle)fle) =0 (7)

e€dt(v) e€s_(v)

The sum of flow out of each vertex must be the same
as the sum of flow into it. The concept goes back to [41].
It also naturally appears in Metabolic Flux Analysis and
Flux Balance Analysis: writing S, := m,(et)—m,(e”) =
st — sy, indeed allows us to express Eq. (7) in matrix
notation as Sf = 0.

We write f1 < fa if fi(e) < fa(e) holds for all e € E.
We write f1 < fo if f1 < fo and f1 # fo. In contrast we
use f1 < fa if fi(e) < fa(e) for every hyperedge e € E. A
key property of flows is that linear combinations of flows
are again flows as long as non-negativity is preserved. In
particular the difference of two flows fi; and fo is still a
flow if and only if f; — fo > 0.

In this contribution we shall be interested mostly in
integer hyperflows, which for simplicity we will refer to
simply as a flows unless otherwise specified.

For a flow f on H we denote by S(f) and T(f) the

actual source and target species in a given flow f, i.e.,

S(f)={v|fle;) >0} and T(f) = {v | f(e]) >0} (8)



Figure 6: The extended hypergraph #H from Fig. 5, with
f¢ annotated.

When specifying a model for analysis we may also want to
specify a priori an allowed source set S C V and target set
T CV in H. We refer to the triple (H,S,T) as the I/0-
constrained extended hypergraph. In this situation we are
only interested in flows f satisfying f(e; ) =0forallv ¢ S
and f(ef)=0forallv g T, ie, S(f) CSand T(f) CT.
In the context of metabolic networks the sources S are
usually given by the food set, and the targets T are the
products that can be removed or accumulated.

Flows for Composite and Net Reactions

Our next task is to formally connect systems of re-
actions with flows. Recall that composite reactions are
obtained by “adding up” reactions, i.e., hyperedges. The
same can be done for flows. To this end, we associate each
hyperedge e of H, i.e., each reaction in the CRN, with a
flow f¢ defined by f¢(e) =1, f(e’) =0 for ¢’ € E\ {e},
input-flows f¢(e;) = s,, for x € e~ and output-flows
fé(el) = s, for x € et; all other input- and output-flows
are set to zero. We call f€ the reaction flow of e. That is,
a flow of 1 through reaction e requires an input-flow of its
educts and an output-flow of its products in proportions
given by the stoichiometric coeflicient. The reaction flow
f€ thus is simply a representation of a single reaction e in
the language of flows. In Fig. 6 a reaction flow is shown.

This mathematical construct is useful because it makes
it possible to write the flow f that is associated with a
composite reaction (pathway) as a weighted sum of reac-
tion flows. The multiplicity of a reaction e in Eq. (4) is
simply the flow f(e) through e and hence we have the for-
mal decomposition

F=Y fle)f° 9)

eclk

Recall that in constructing a composite reactions we are
only allowed to add reactions. Thus every compound v
comes with an input-flow f(e;) and an output-flow f(e, )
that again matches the stoichiometric coefficients in the
composite reactions.

The point of using net reactions, in contrast to using
composite reactions, is that we are allowed to cancel in-
termediates, that is, to remove an equal number of copies

from both the product and the educt side. This opera-
tion can also be formalized in terms of flows. To this end
we introduce the futile flow fv for compound v defined as
f(eg) = f"(ef) =1 and f(e) = 0 for all other reactions
e € E. Given a flow f, it is easy to see that f = f —cfV is
again a valid flow as long as ¢ < min{f(e}), f(e;)}. That
is, we can reduce in f the input-flow of v and output-flow
of v by the same amount as long as we do not attempt
to construct a negative input-flow f (er) and or a negative
output-flow f(e, ). In terms of net reaction that means we
may reduce the stoichiometric coefficients of a compound
that appears on both sides by the same amount.

The issue here is that arbitrary canceling of intermedi-
ate compounds from a composite reaction does not neces-
sarily leave us with a net reaction that will actually take
place because we may have canceled essential catalytic or
autocatalytic species. In the flow formalism, however, we
can ask which cancellations are allowed and which are not:
We only have to ask whether, for a given set of S of in-
put species and a given set of output species there is a
flow f with S(f) C S and T(f) C T, where S and T is a
subset of the species on the educt and product side of the
composite reaction. If the answer is yes, we can cancel all
intermediate species © € V'\ (S(f) UT(f)). Correspond-
ingly, cancellation of z € SUT are not allowed in an I/0O
constrained networks (#, S, T).

Let us write supp(f) := {e € E | f(e) > 0} for the
set of reactions (not including I/O hyperedges) that are
“active”. Every flow f can be associated with a composite
reaction, namely the one that consists of all reactions e €
supp(f). The stoichiometric coefficients for each x € V
are given by

¢z =) fleyma(e) and ¢ = ) fle)ma(e). (10)

e€supp(f) e€supp(f)

Since there is neither an input-flow nor an output-flow
for x € V\ (S(f) UT(f)), we can conclude immediately
that stoichiometric coefficients of x as an educt, g, , and
as a product, ¢F, must be the same. We summarize this
discussion as

Lemma 3. There is a flow f on the I/O-constrained net-
work (H,S,T) if and only if there is a composite reaction
Sqrx — > qrx. Moreover, in this case its stoichio-
metric coefficients satisfy q; = qF for allz € V \ (S(f) U

T(f))-

In summary, therefore, we can associate a flow with
every composite reaction and vice versa. An advantage of
the flow framework is that it links to a convenient com-
putational paradigm. “Flow queries”, i.e., the question
whether there exists a flow with prescribed properties, are
naturally phrased as (integer) linear programs, and thus
can be answered by generic solvers, see e.g. [38] for a more
detailed discussion.



Formally Autocatalytic Flows

We next link the flow formalism to the notion of formal
autocatalysis introduced in Def. 1. The following state-
ment is a direct consequence of Lemma 3, noting that an
(auto)catalytic species necessarily must be contained in
both S(f) and T(f).

Lemma 4. There is a formally autocatalytic compound
reaction for x if and only if there is a flow f on H such
that

0< flez) < fler) (11)

In a practical setting we may additionally I/O-constrain
‘H with specific source and target sets S and T. The con-
dition matches the definition of “overall autocatalysis” in,
e.g., [38]. Naturally, we are interested in minimal formally
autocatalytic flows f, i.e., those that do not contain a
“smaller” formally autocatalytic flow f;.

The notion of “smaller” in this context deserves some
consideration. It could mean either supp(f1) € supp(f) or
f1 < f. For not necessarily integer flows, is its well known
that the existence of a flow f; with supp(f1) C supp(f) is
equivalent to the existence of a flow fo with fo < f that
is not proportional to f. Analogously, there is an integer
flow f1 with supp(f1) € supp(f) if and only if there is
an integer flow fo that is not proportional to f and an
integer a > 1 such that fo < af. This suggests to think
of “smaller” flows as those that have the smaller support.
Support minimality features prominently with Extremal
Flux Modes [42, 43] and has been discussed in detail in
this context.

Exclusive Autocatalysis

As noted above, the Def. 1 and its counterpart in terms
of flows on H, Eq. (11), are not satisfactory because par-
allel reactions such as Eq. (5) and even degradation path-
ways such Eq. (6) are formally autocatalytic. The most
straightforward, but crude, way of handling this short-
coming in the definition is to require, in addition, that an
autocatalytic species z cannot be produced from within
the network unless a minute amount is already present
at the outset. In other words, the network under consid-
eration does not contain a pathway that produced z in
a non-autocatalytic manner from the same food set. This
concept matches the intuition of autocatalysis, e.g., in [16],
and was used as a component in [38]. In the language of
flows we can formalize it as follows:

Definition 5. A species x is exclusively autocatalytic in
an I/O-constrained network (H,S,T) if there is a flow f
such that (i) x is formally autocatalytic in f and (i) there
is no flow fy in (H,S, V) with f1(e;) =0 and fi(ef) > 0.

Exclusive autocatalysis is a quite strict requirement: if
z in any way can be produced from the sources, without

regard to the sinks, it is disqualified from being exclusively
autocatalytic. Condition (ii) thus boils down to a simple
reachability question in H. In general, for a given set of
starting materials (“food set”) FF C V and a set E' C E
of reactions the scope [44] — or the closure in the language
of chemical organizations [25, 26] ¢(F, E’) is constructed
recursively as ¢(F, E’) = |J; Qi, where Qo = S and, for
i>1,

Qi = U{e_ le€ B and e™ C Q;_1} (12)

is the set of a product compounds that can be produced
by reactions (in E’) whose educts are available in the pre-
vious step Q;—1. An equivalent way to define ¢(F, E') is
to require F' € ¢(F, E’), and then for all edges e C E' if
all tail vertices are included, e™ C ¢(F, E’), then all head
vertices are as well, e~ € ¢(F, E’). Condition (ii) of Def. 5
can thus be expressed as z & ¢(S'\ {z}, F).

Def. 5 formalizes a very strict interpretation of the idea
that x cannot be produced unless it is present to seed to
its own production. Condition (ii) is independent of the
candidate flow f and pertains to the complete molecule set
V' at target set. As an object of future study there several
meaningful, less restrictive variations of the definition, for
example:

,S(f), V), allowing all edges E,
,5,T), allowing all edges E,
,S(f),T(f)), allowing all edges E,
,S(f), T(f)), but allowing only edges

1. f1 is found in (
2. f1 is found in (
3. f1 is found in (
4. fyisfoundin (

from supp(f),

XXX

X

While the first of these variants also can be phrased as a
reachability problem, the others are non-trivial hyperflow
queries due to the constraint on the output flow to a subset
of vertices. The last variant can be interpreted as a ques-
tion on whether z can be canceled from the educt side of
the composite reaction defined by the formally autocataly-
tic flow f. This condition therefore is in a sense concerned
with the connectedness of the formally autocatalytic flow
f. All these concepts of exclusive or “obligatory” auto-
catalysis are on the one hand very restrictive as far as
alternative routes are concerned, while the idea of an un-
derlying autocatalytic cycles is implicit at best.

Autocatalytic Cycles sensu Barenholz et al. (2017)

Several authors have formalized autocatalysis in terms
of the algebraic properties of the stoichiometric matrix S.
In this and the following section we review two definitions
and fit them into the mathematical framework outlined
above, and thus translating them into constraints on flows
on the extended hypergraph H = (V, E).

In [40] an autocatalytic cycle is defined as a pair (M, R)
of metabolites M C V and R C FE such that the restric-
tion S* to rows M and columns R satisfies the following
conditions:

(o) R contains no reversible pair of reactions.



(i) For every z € M there is e1,e9 € R with sz, > 0
and sz, < 0, and
for every e € R there is x1,22 € M with sz, > 0
and sz, < 0.

(ii) There is a strictly positive integer vector w € NIfI,

w > 0 such that S*w > 0,

(iii) There is no vector w’ > 0 with at least one e € R for
which w/ = 0 such that S*w > 0.

Using the fact that we can express composite reactions as
reaction flows we can rewrite condition (ii) in the flow form
as

(i) There is a flow f on H such that f(e}) > f(e,) > 0
forallvEMandf()—OforalleGE\R
flef) > f(e,) for at least one v € M.

The first part of condition (i) is equivalent to x € M ap-
pearing on both sides of the the composite reaction, and
thus f(e}), f(e,) > 0 in the corresponding flow. Thus M
consists only of species that are catalytic (f(e}) = f(e;))
or autocatalytic for v. The second condition constrains
M to contain at least one educt and one product of every

e € supp(f).

Definition 6. Let f be a flow on H. A subset M CV is
a Milo set for f if

(M1) v € M implies f(ef) > f(e;) >0
(M2) there is v € M such that f(e}) > f(e;)

(M3) for all v € M there is ¢ € E with f(e/) > 0 and
vee and e’ € E with f(') >0 and v € "T.

(M4) for every e € E with f(e) > 0 holds M Ne~ # 0 and

Mnet #0.
A flow f with a Milo set is a Milo flow.

Note that (M2) implies that a Milo set is non-empty.
Furthermore, if f is a Milo flow, then the Milo set satisfies
M < S(f)NT(f)

Lemma 7. If f is a Milo flow on H then f is formally
autocatalytic for at least one x € M.

Proof. By (M1), f(e,) > 0 for all v € M. Thus (M2)
implies that there is v € M with f(e) > f(e,) > 0, i.e.,
v is formally autocatalytic according to Lemma 4. D

For a Milo flow f, consider the the Konig graph G :=
K(H[M,supp(f)]) of its restriction to the Milo set of f. By
(M3), G has no source or sink vertices, i.e., every vertex
of a Milo set is contained in a cycle of G.

So far, we have not used conditions (o) and (iii).

Definition 8. A Milo flow f with Milo set M forms an
autocatalytic cycle (f, M) (sensu Barenholz et al., 2007)
if there is no flow f1 with supp(f1) C supp(f) that satisfies
(M1) and (M2).

Figure 7: Two examples of Milo flows on the same CRN.
(a) The Milo set M and the supporting reactions supp(f),

e., restricted network H[M,supp(f)] are highlighted in
blue. The vertex B is formally autocatalytic. (b) Another
Milo flow, containing a pair of reversible reactions. The
equivalent flow f’ obtained by removing f(AB) = f(AB)
is no longer a Milo flow because A has no outgoing re-
action left in supp(f’). Thus, f is a minimal Milo flow.
However, (f, M) is not an autocatalytic cycle in the sense
of Barenholz [40] since the flow f’ is a forbidden flow for
Def. 8). Since f’ itself is not a Milo flow, (f’, M) is also
not an autocatalytic cycle.

The flow f of an autocatalytic cycle in the sense of Def.
8 does not contain a pair of reactions that form a reversible
pair e, e. If f contains such a reaction, consider the flow

A=Y flef
e’esupp f\{e,e}
+ min(f(e) — f(e),0)f¢
+min(f(e) — f(e),0)f¢.

By construction f; coincides with f on supp(f)\ {e, €} has
positive input-flow and output-flow and satisfies f1(e;) —
filey) = f(e)) — f(e,) for every v € M. Since fi(e) =0
or f1(é) =0, it is a forbidden flow for Def. 8. Thus (o) is
in fact a consequence of (iii).

The forbidden flow f; in Def. 8 is a very strong con-
dition. In particular [40] states (without proof) that the
Konig graph of every autocatalytic cycle is strongly con-
nected. At this point there is no formal proof for this
statement, however.

The class of forbidden flows f1 in Def. 8 is larger than
Milo flows since f; is not restricted to flows with inputs

(13)



Figure 8: Example of an Nghe flow, with the defining Nghe
set and supporting reactions highlighted in blue, i.e., the
restricted network H[M, supp(f)]. All vertices in the Nghe
set, A, B, and C are formally autocatalytic.

and output from within the set M. Defining a minimal
Milo flow to be one for which there is no Milo flow f’ with
supp(f’) C supp(f), we observe that every autocatalytic
cycle is a minimal Milo flow. The converse, however, is
is not necessarily true, as shown by the example in Fig.
7b. It remains an open question whether all minimal Milo
flows are also strongly connected. Fig. 7b also shows that
there are strongly connected Milo flows that are not auto-
catalytic cycles sensu sense of Barenholz.

Autocatalytic Cores sensu Nghe

The key concept in [45] are submatrices S* of the stoi-
chiometric matrix that are autonomous and productive in
the following sense:

(i) S* is productive if there is a u > 0 such that S*u >
0

(ii) For every column e of S* there are rows v’ and v”
such that S*.,» < 0 and S*.,» > 0.

A autocatalytic core is defined as a minimal submatrix S*
of S with these properties. Prop. 1 in [45] shows that in an
autocatalytic core, every species x appears both as a sub-
strate and as a product. This concept can be rephrased in
terms of flows in a manner that emphasizes its relationship
with [40].

Definition 9. Let f be a flow on H. A subset N CV is
a Nghe set for f if it satisfies

(N1) v € M implies f(e}) > f(e;) >0,

(M3), and (M4). A flow f with a Nghe set N # 0 is a
Nghe flow.

From Def. 9 we immediately see that every Nghe flow is
also a Milo flow with M = N since (N1) obviously implies
(M1) and (M2). Thus catalytic cores are Milo flows. In
Fig. 8 an example of an Nghe flow is shown.

Condition (N1) appears very restrictive. It will be of
immediate interest, therefore, to better understand under
which conditions a Milo flow contains a Nghe flow in the

sense that for a Milo flow (f, M) there is a Nghe flow
(f1,N) with N C M and supp(f1,N) C supp(f, M). The
relationships of Milo and Nghe flows deserve attention in
future work. Similarly, the connections between autocata-
lytic cycles sensu Barenholz and autocatalytic cores will
be of interest.

Proposition 2 of [45] shows that autocatalytic cores f
are very restricted structures: it is “square”, i.e., |[N| =
| supp(f)|, every x € N is “the solitary substrate of a re-
action, and is substrate for this reaction only”. Proposi-
tion 4 of [45], furthermore, states that every autocatalytic
core is strongly connected. Thus strongly connected Nghe
flows seem to be interesting objects to study in their own
right.

The work of Nghe [45] shows that minimal autocata-
lytic cores have an essentially geometric characterization
that can be expressed largely in terms of the Konig graph
K := K(H[N,supp(f)]) of a minimal Nghe flow. In essence
they can be understood as “cycles with ears” comprising
a simple cycle in K augmented by either “short cut re-
actions” or a path leading from some starting vertex x
in the cycle back to an end-vertex y on the cycle with-
out intersecting the cycle in its interior. In [45], addi-
tional algebraic and minimality conditions are required
for a complete characterization of minimal autocatalytic
cores. This geometric structure suggests to search for hy-
perflows whose Milo or Nghe sets have cycles or ears as
their Konig graphs.

Mechanistically Simple Flow Solutions

The notion of “autocatalytic cycles” and in particu-
lar the idea of “going around a cycle” to produce addi-
tional copies of autocatalytic compounds [22] suggests a
definite temporal order in which molecules “flow” through
the reactions. This matches the chemist’s concept of a
mechanisms as a sequence of reactions. Condition (M3)
for Milo and Nghe flows addresses this concern to some
extent by requiring input-flow and output-flow for every
vertex in the distinguished set, thus ensuring that a cycle
exists in the Konig graph of the support. On the other
hand, the Milo and Nghe flows are rather restrictive in
their input/output conditions requiring all vertices in the
distinguished set to be a source and a target. The associ-
ated concepts of autocatalytic cycles or cores, furthermore,
ban pairs of reversible reactions to be used.

The basic flow formulation, and the equivalent formula-
tion based on the stoichiometric matrix, only ensures mass
balance, and does not imply any particular ordering of re-
actions as such. In the following we recap the notion of
expanded flows from [38], which has constraints that intro-
duce localize temporal order in the flow model. It makes it
feasible to keep a predefined source/target specification in
terms of a I/O-constrained CRN (#, S, T), as well as allow-
ing pairs of reversible reactions. The model thus serves as
a foundation for finding chemical pathways in general. In



Figure 9: Example for local reasoning of reaction ordering
on a seemingly formally autocatalytic flow. In all inter-
pretations of the flow, the violet reactions into and out
of D forms a futile two-step sub-pathway. After removing
the flow on these reactions we can then apply the same
argument to C, and then once more on the I/0O flow of B.
This leaves the net reaction A —— B.

Figure 10: Example of a formally autocatalytic flow using
pairs of mutually reverse reactions. Here, the reactions
can be ordered such that no two-step futile sub-pathways
are present.

a later section we sketch how the model can be enriched
with more computational expensive constraints that en-
sure the cyclicity required for a comprehensive model of
structural autocatalysis.

As a motivating example, consider the expanded net-
work with flow depicted in Fig. 9. The flow, with the net
reaction A +B —— 2B, is formally autocatalytic, but due
to use of reversible reactions it is equivalent to the simpler
reaction A —— B. This can be established through a
step-wise local reasoning:

1. The only in-flow to D is from B + C —— D and the
only out-flow is through the reverse reaction D —
B+ C. Any ordering of the reactions in the flow will
have this two-step futile part, and the flow on these
reactions can thus be removed.

2. Without the violet part of the network, we can apply
the same reasoning to vertex C with the reactions
B— Cand C — B.

3. Without both the violet and cyan parts, we can con-
sider B with its input/output reactions, and decrease
the flow by 1.

In this example there is no flow left on reversible re-
actions, but this is not the case in general. Consider the

formally autocatalytic low shown in Fig. 10, on our run-
ning example network. Here there are no vertices where we
can apply the local temporal reasoning, and in fact there
even exists a partial order for the reactions that have no
pairs of reversible reactions in sequence:

5. B+2D — C
6. C— A+B
7. B— A

8. A —— (), twice

1. ) — E, twice
2. E—— D, twice
30— A
4. A— B

To consider global ordering one must invoke much stronger,
and computational expensive, formalisms, such as Petri
nets that explicitly “tracks” the paths of molecules through
the CRN [46]. Note also that in general a pathway may
have cycles even in a fully resolved temporal interpreta-
tion.

Expanded Networks and Flows

To address the need for local routing constraints on
flows we introduce the expanded hypergraph of an ex-
tended hypergraph H = (V, E) [38]. The hypergraph is
obtained by expanding each vertex into a complete bipar-
tite graph with vertices corresponding to each in-edge and
out-edge. That is, for each v € V:

Vi = {up, | Ve € 550} (1)
Vb ={ul, | Ve € 5%(1})} (15)
By ={(f{u"} {u'}) v eV ut eV}

The hyperedges F, all have multiplicity 1 for their tail
and head vertex, and we call these edges the transit edges
of v. We then connect the original edges in the natu-
ral manner: for each e = (e,e”) € E the reconnected
edge is € = (eT,e¢7) with e~ = {u,, |vee } and et =
{ut, | v € et} The multiplicities of tails and heads cor-
respond to the original multiplicities. We finally define the
expanded hypergraph H = (V, E) as

V=V, ulUV, and E=|JE,U{e|ecE}
veV veV veV

This is again a directed multi-hypergraph where (integer)
flows are defined as usual. An example of an expanded
hypergraph is shown in Fig. 11a.

For each pair of mutually reverse edges e = (eT,e7), e =
(eT,e7) € F and a vertex v € e~ there is a futile transit
edge t = (u;,,u;z). These futile transit edges correspond
to pushing flow back immediately in the opposite direc-
tion of a reversible reaction without first processing the
products in a different reaction. In Fig. 11 these edges
are shown in red. We can now add constraints on flow
reversibility by simply requiring that the flow on the red
edges vanishes, that is, we enforce the constraint f(t) =0
for all futile transit edges in the expanded hypergraph.

As shown in [38] this expanded network model is com-
putationally not much more difficult to find solutions in
than the original network. We can thus simply use the



Figure 11: Example of expanded hypergraphs. (a) The
expanded hypergraph H of the network from Fig. 3. The
actual vertices are the small black circles while the large
circles only indicate grouping corresponding to the original
vertices of H. The red transit edges are those that go
between pairs edges that are mutually reverse of each other
in the original network. (b) The effective network that can
have non-zero flow, when setting the allowed sources to
{A, E} and allowed targets {A}.

expanded network as a convenient background model for
introducing routing constraints. In particular, for each
flow f on the expanded network H we can trivially obtain
the equivalent flow f on the extended network #, by sim-
ply contracting the expanded vertices again. This leads us
to a type of autocatalysis called overall autocatalysis [38].
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Definition 10. A species x € V is overall autocatalytic
for a network H = (V, E) if there exist a flow f on the
expanded network H such that f(t) =0 on all futile tran-
sit edges and the corresponding contracted flow f on the
extended network H satisfies 0 < f(e;) < f(ef).

This model of overall autocatalysis has been imple-
mented using Integer Linear Programming as an extension
of the software package M@D [47]. It does not constrain
solutions to actually contain a cycle, but as outlined in
the next section, it is already useful in analyzing chemical
systems when coupled with the notion of exclusive auto-
catalysis described earlier.

Autocatalysis in Metabolic Networks

Metabolism as a whole seems to minimize the gener-
ation of waste molecules. Instead, byproducts and waste
from one pathway are fed back into the network as valu-
able resource for another. The effect of this “molecular
recycling”, or “metabolic closure”, is the emergence of
(catalytic) cycles in the reaction network, a necessary pre-
condition for autocatalysis. Autocatalytic cycles can per-
sist under noisy conditions, since they can replace mass
loss along the cycle. This feature could be responsible for
the inherent robustness of metabolism against fluctuations
[48]. The embedding of multiple autocatalytic cycles in a
network context results in feedback between cycles, giving
rise to a rich repertoire of dynamic behavior and entry-
points for regulation and control. Autocatalysis therefore
plays an important role in metabolic networks.

Already in 2008, Kun and collaborators [16] published
a search for obligatorily autocatalytic species in large meta-
bolic network models. Using the RAF framework, auto-
catalytic sets in the metabolic network of F. coli we stud-
ied in [49]. In order to illustrate the theoretical consid-
erations in the previous sections we survey overall auto-
catalytic molecules in the metabolic networks of five very
different procaryotes as retrieved from the BiGG database
[50], see Tab. 1. We only give a cursory overview here,
a full investigation of autocatalysis using flows in these
networks is forthcoming.

The BiGG models contain multiple copies of some mo-
lecules representing the compartments cytosol, periplasm,
and the external environment. Here, we are only inter-
ested in the cytosolic metabolism. We therefore merged
the periplasm with the external compartment and removed
all reactions without educts of products in the cytosol.
The size of the original network and the simplified net-
works are listed in Tab. 1. We then obtained the I/0O-
constrained hypergraphs interpreting the external mole-
cules as source and target compounds. Furthermore, the
explicit exchange pseudo-reactions in the models were con-
verted into source/product specifications.

A molecule can only be (formally or overall) autocata-
lytic if it appears both as an educt and as a product, thus
emulating that it may accumulate in the cell. Fixing a



Table 1: Overview of the investigated BiGG models. The original networks were simplified to study the capabilities of
the cytosol compartment. The number of molecules that could be detected to be overall autocatalytic, using routing
constraints in the expanded network are listed under “4#OA”. When further applying the strict conditions of exclusive
autocatalysis (“EA”) we are left with the number of molecules listed in the final column.

Original Simplified
Species BiGG ID V] |E| 1\ |E| #OA  #(OA + EA)
Escherichia coli iML1515 1877 3005 1434 2188 736 580
Helicobacter pylori iIT341 485 641 485 641 176 143
Methanosarcina barkeri iAF692 626 809 626 809 154 131
Mycobacterium tuberculosis  iEK1008 969 1372 969 1372 459 385
Staphylococcus aureus iYS854 1129 1587 1126 1579 506 368

molecule X of interest, we construct an expanded flow
model in which we the condition that X is overall auto-
catalytic as an addition constraint. In total, this yields
4640 different flow models of which 2031 had feasible so-
lutions; see Tab. 1 for a summary. Since many of the
solutions in essence conform to Eq. (5) and thus do not
represent autocatalysis in chemically meaningful sense, we
restricted ourselves to overall autocatalytic molecules that
are also exclusively autocatalytic in the sense of [16]. That
is, if a molecule is reachable from the sources (without it-
self), then it is not considered autocatalytic. This leaves
1607 solutions.

The intersection of the five models shares 245 cytosolic
molecules, of which 87 are overall autocatalytic. Only the
37 molecules listed in Tab. 2 are also exclusively autocata-
lytic.

This list for the most part comprises the expected “cur-
rencies” in the cell, in particular the mono-, di-, and tri-
phosphorylated nucleotides, and the redox cofactors NAD
and NADP. This matches the identification of ATP/ADP
as ubiquitous “obligatory autocatalysts” in [16] using a
very different approach. Furthermore, several tetrahy-
dropholates derivatives, which are essential cofactors in
the single carbon metabolism and two prebiotically rel-
evant amino acids aspartate and serine are on the list.
Interestingly, also the non-proteinogenic amino acid ho-
moserine, an intermediate in the biosynthesis pathways of
the three essential amino acids methionine threonine, and
isoleucine, as well as, aspartate-semialdehyd, a building
block involved in the biosynthesis of the amino acids ly-
sine and homoserine are present.

Structural Constraints on Autocatalysis

In the preceding section we have reviewed several ways
of formalizing autocatalysis in terms of integer hyperflows.
While the comparison of the different approaches provides
many open question for future research, it also leaves the
impression that none of them already provides a satisfac-
tory theory. Querying for Milo and Nghe flows, for in-
stance, requires a very loose definition of sources and sinks,
and only have some structural constraints. Overall auto-
catalysis provides much more flexibility in the source/sink
specification and provides solutions directly interpretable

11

Table 2: List of the 37 molecules that are (i) present in all
five of the investigated models, (ii) overall autocatalytic,
and (iii) exclusively autocatalytic.

BiGG ID Name

adp ADP

amp AMP

atp ATP

cdp CDP

cmp CMP

ctp CTP

dudp dUDP

dump dUMP

dutp dUTP

gdp GDP

gmp GMP

gtp GTP

udp UDP

udpg UDPglucose

udpgal UDPgalactose

ump UMP

utp UTP

nad NAD

nadh NADH

nadp NADP

nadph NADPH

10fthf 10-Formyltetrahydrofolate
methf 5,10-Methenyltetrahydrofolate
mlthf 5,10-Methylenetetrahydrofolate
thf 5,6,7,8-Tetrahydrofolate

thdp 2,3,4,5-Tetrahydrodipicolinate
23dhdp 2,3-Dihydrodipicolinate

4pasp 4-Phospho-L-aspartate

aspsa L-Aspartate 4-semialdehyde
phom O-Phospho-L-homoserine
pser_L O-Phospho-L-serine

gallp Alpha-D-Galactose 1-phosphate
13dpg 3-Phospho-D-glyceroyl phosphate
prpp 5-Phospho-alpha-D-ribose 1-diphosphate
3php 3-Phosphohydroxypyruvate
actp Acetyl phosphate

ppi Diphosphate

as chemical pathways. However, even with routing con-
straints on expanded flows the solutions are not guaran-
teed to have the cyclic motifs we would expect for “true”
autocatalysis.

Using the mathematical setup of expanded hypergraphs



Figure 12: An expanded flow that contains a catalytic
cycle (in blue), from which an “ear” (in green), produces
an additional copy of the autocatalytic molecule A.

we can relax the condition of an autocatalytic vertex to
have explicit input, and instead require that the flow must
induce a cycle that goes through any of the associated ver-
tices in the expanded graph. More formally, for a flow f
on the expanded network H = (V, E), if a vertex x € V
is to be considered autocatalytic then K(’}T[[f/,bupp(f)])
must contain a cycle going through any vertex from V-
or V;F. In addition there must, be an “ear” branching
off in a reaction in this cycle, which ends up as output
from z. The “ear” condition may sound deceptively sim-
ple, as it directly aligns with the expectation that the cy-
cle must be productive, but providing a formal definition
requires careful attention. The cycle condition is mathe-
matical easy to state, but it is a non-local constraint that
may require a non-trivial computational effort to handle.
We envision that systems such as the one in Fig. 12 will
be a paradigmatic example of autocatalytic mechanisms.
It is worth noting that at least conceptually this fits with
Nghe’s autocatalytic cores.

Concluding Remarks

We cannot claim to have a comprehensive mathemati-
cal theory of (structural) autocatalysis. However, we have
a starting point to develop such a theory and some hints
that we can use to guide us into the right direction: integer
hyperflows provide a powerful mathematical framework in
which some of the properties of autocatalytic networks can
be expressed very naturally. In addition, it makes the in-
corporation of stoichiometric balance condition very easy
and natural. On the other hand, flow alone do not seem
to be sufficient, since autocatalysis involves pushing ma-
terial around in a (generalized) cycle, and thus involves

a temporal order of reactions that — in general — is not
specified completely by a flow, which in essence is just a
set of reactions. To this end, we have introduces expanded
hypergraphs that encode some of the necessary temporal
ordering. Since flows are by construction a description of
a steady state, we suspect that flows are an inherently in-
complete framework, which need to be complemented by
constraints such as the cycle/ear motif sketched in the pre-
vious section that imply temporal order of reactions, i.e.,
a mechanism.
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